Abstract. We improve the error term in the asymptotic formula for the twisted first moment of the symmetric-square L-function on the critical line.
Introduction
Let f be a cusp form of weight k for SL 2 (Z) with Fourier expansion
The symmetric-square L-function associated to f is defined as
Shimura [12] proved that L sym 2 f, s can be extended to an entire function on the complex plane and satisfies the functional equation
Many other important properties of L sym 2 f, s have been obtained by calculating moments of L sym 2 f, s on the critical line (see Blomer [2] , Iwaniec and Michel [6] , Li [11] , Kohnen and Sengupta [8] and Lau [9] ). Let H k denote the basis of weight k cusp forms for SL 2 (Z) consisting of eigenfunctions of all Hecke operators with first Fourier coefficients equal to 1. Khan [7] proved an asymptotic formula for the twisted first moment of L sym 2 f, s over H k on the critical line, as k → ∞. As an application, he showed that given any point on the critical line and large enough k, there exists an eigenform f such that L sym 2 f, s is non-vanishing at that point. The aim of this paper is to improve the error term in Khan's asymptotic formula. 
Here γ is Euler's constant.
The above asymptotic formulas were proved by Khan [7] with O k At the beginning of the proof of Theorem 1.1, we follow closely Khan [7] . After applying the approximate functional equation and Petersson trace formula, we obtain the so-called diagonal term and non-diagonal term. The difference comes from the treatment of the non-diagonal term. We will not appeal to the estimates for J-Bessel functions directly but use the Mellin inversion formula for J-Bessel functions. This method has already been used by Ganguly, Hoffstein and Sengupta [3] and by Lau and Tsang [10] .
Preliminaries
In this section, we list some results needed for the proof of Theorem 1.1. First, we need the approximate functional equation for L sym 2 f, 1 2 + it (see Lemma 2.3 in Khan [7] ).
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Next, we need the Petersson trace formula (see Iwaniec and Kowalski [5] , Proposition 14.5).
Lemma 2.2. We have
where δ m,n = 1 if m = n and is zero otherwise, S(m, n; c) is the classical Kloosterman sum, and
To deal with the non-diagonal term from the Petersson trace formula, we need the Mellin inversion formula for the J-Bessel functions (see Gradshteyn and Ryzhik [4] , 6.422-6).
Lemma 2.3. We have
Finally, we need the functional equation of the Hurwitz zeta function. For Re(s) > 1, the Hurwitz zeta function is defined as
which can be extended to a meromorphic function defined for all s ∈ C with s = 1. 
where D is the diagonal term and by (2.3) and (2.4), (3.2)
if t = 0 and m = 1,
R is the non-diagonal term with
Thus to prove Theorem 1.1, we only need to estimate R. Taking a = −1 and ν = k − 1 in Lemma 2.3, we have
By (2.2) and (3.4), R in (3.3) takes the form
Note that 
with
and 
where by Stirling's formula, (3.10)
and by (1.1), (3.13)
Then Theorem 1.1 follows from (3.1), (3.2), (3.6), (3.12) and (3.13).
